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We describe the entanglement of two indistinguishable delocalized spin-i particles in the simplest spatial 
configuration of three spatial modes with the constraint that at most one particle occupy each mode. It is 
show that this is the only number of modes for which maximally entangled states exist in such a system. The 
set of entangled states, including the set of maximally entangled states, is described and different types of 
entanglement in terms of Bell-nonlocal correlations for different partitions of the system are identified. In 
particular we focus on the entangled states that are Bell-local for a tri-partition of the system and cannot be 
described as a superposition of bi-partite entangled pairs of localized particles. Two entanglement invariants are 
constructed and it is shown that all entanglement monotones are functions of these. Furthermore, the system 
has a generic non-trivial local unitary symmetry with a corresponding 27r/3 fractional topological phase. In 
addition to this a necessary and sufficient condition for the existence of maximally entangled states in systems 
of arbitrary numbers of delocalized particles with arbitrary spin, where at most one particle can occupy each 
mode, is derived. 
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I. INTRODUCTION 

Entanglement is a feature of quantum mechanics that does 
not exist in classical mechanics. As such, it is responsible 
for many phenomena without a classical counterpart. This 
has made entanglement a resource for quantum information 
mocessing tasks, including teleportation (Jl and dense coding 
1131. There is also evidence that entanglement plays a role in 
many-body phenomena such as magnetism QHl- Another ef¬ 
fect of entanglement is Bell-nonlocality il, i.e., correlations 
between distant events that can not be explained by a local 
causal model. Bell-nonlocality in itself has been realized to 
be a resource for quantum informations tasks, e.g., device in¬ 
dependent quantum information protocols ffl. 

The entanglement between a small number of particles with 
well defined locations has been extensively studied and char¬ 
acterized im. The tools and concepts used to character¬ 
ize entanglement in these systems includes Stochastic Local 
Operations and Classical Communication ('SLOCC) lfT^l23] . 
entan glem ent invariants lllC)l - ll3 BNB^1^ and mea¬ 
sures and maximally entangled states H. 

However, in systems of indistinguishable particles where 
the spatial locations of the particles are not well defined the 
entanglement between individual particles does not have an 
operational meaning. This type of systems have been less 
studied. A natural way to describe entanglement in this case 
is to consider the modes of the system accessible to observers 
rather than the particles themselves as the operationally rele¬ 
vant objects which can be entangled 

If the number of available spatial modes is larger than the 
number of particles, it is possible for the particles to delocalize 
over the modes. Systems of this type include particles delocal¬ 
ized in a lattice, such as quasi-particle excitations in a crystal 
lattice, or atoms in an optical lattice ll32l - [^ . Other examples 
of spatial modes where particles can delocalize are the traces 
of a quantum circuit or the optical paths in a photonic device. 

If the spatial modes are sufficiently small compared to the 
effective size of the particles so that their interaction is non- 


negligible, a repulsive interaction can prevent more than one 
particle from occupying the same mode. Such a repulsive in¬ 
teraction can be for example Coulomb repulsion, or in the 
case of composite particles made up of constituent fermion 
particles, the Fermi-repulsion between the constituent parti¬ 
cles 1^ . An example of a simple model with this type of 
behaviour is the Hubbard model ll^ with a strong repulsive 
on-site interaction term. Entangled states created under this 
type of conditions would have at most one particle per mode. 

The entanglement of a system of delocalized particles has a 
richer structure than a system of the same number of localized 
particles since the internal degrees of freedom of a particle in 
a given mode can be entangled not only with internal degrees 
of freedom of a different particle but also with its spatial de¬ 
gree of freedom. The concepts and tools used to characterize 
the entanglement of localized particles are operationally well 
defined and can be applied also to the case of delocalized par¬ 
ticles. However, the properties of such systems are in some 
ways qualitatively different. 

In this paper we consider the entanglement of two indistin¬ 
guishable delocalized spin-i particles, or more generally any 
particles with two internal degrees of freedom. Moreover, we 
assume that at most one particle can exist in any given spa¬ 
tial mode. In particular we study the simplest such system 
where three spatial modes are available. It is shown that for 
systems of two such delocalized particles, where at most one 
particle can occupy each spatial mode, this is the only num¬ 
ber of modes for which entanglement monotones, i.e., mea¬ 
sures of entanglement, can be defined. Therefore, it is also the 
only system of this kind where maximally entangled states ex¬ 
ist. Furthermore, the delocalization of the entangled particles 
gives rise to a generic non-trivial intrinsic symmetry. To this 
symmetry corresponds a fractional topological phase 2tt/3. 

We discuss the role of the conservation of particle number 
and identify the group of SLOCC in the present context. Fol¬ 
lowing this we construct two invariants under SLOCC from 
which entanglement monotones can be derived. These two 
invariants generate the full set of SLOCC invariants. Further- 
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more, we parametrize the set of entangled states and charac¬ 
terize different types of entanglement in terms of their Bell- 
nonlocal correlations for different partitions of the modes of 
the system and between different parties. In particular we 
consider the entangled states which cannot be understood as 
super-positions of pairs of bipartite entangled localized parti¬ 
cles. These states are Bell-local for a tri-partition of the sys¬ 
tem. 

We show that a non-zero value of an entanglement mono¬ 
tone implies that the state is Bell-nonlocal over every bi¬ 
partition. Therefore, in particular, all maximally entangled 
states are Bell-nonlocal for every bi-partition. We describe the 
set of maximally entangled states, including the unique maxi¬ 
mally entangled state which is Bell-local for a tri-partition of 
the system. 

In addition to the study of two spin-^ particles, we consider 
the general condition for the existence of maximally entan¬ 
gled in a system of an arbitrary number of delocalized par¬ 
ticles with at most one particle per mode. A necessary and 
sufficient criterion for the existence of maximally entangled 
states is given as a relation between the number of particles, 
the number of modes, and the spin of the particles. Moreover, 
it is shown that in this general case a non-zero value of an 
entanglement monotone implies that the state is Bell-nonlocal 
over every bi-partition of the system into a single spatial mode 
and the remaining modes. 

The outline of the paper is the following. In section |II] 
we define the system and discuss the role of the particle 
conservation super-selection rule for entanglement and Bell- 
nonlocality. We then describe the group of SLOCC and con¬ 
struct the invariants under its action. Section m contains a 
description of the set of entangled states, with a focus on the 
Bell-local states for a tri-partition of the system, and a brief 
description of the generic intrinsic symmetry of the system. In 
section|IV]the set of maximally entangled states is described. 
In Sect. |V] the general criterion for the existence of maxi¬ 
mally entangled states in systems of delocalized particles with 
at most one particle per mode is given. The paper ends with 
the conclusions. 


II. ENTANGLEMENT AND BELL-NONLOCALITY OL 
DELOCALIZED PARTICLES 

The scenario we consider is a system of two indistinguish¬ 
able particles, each with two internal degrees of freedom. The 
example used is two spin-i particles and we will therefore de¬ 
note the internal states by | f) and 11), but the results of the 
paper are independent of the physical nature of the two in¬ 
ternal degrees of freedom. We assume that the particles have 
access to a finite number of spatial modes and that their loca¬ 
tions are not well defined, i.e., they are delocalized. To each 
spatial mode we associate a party, i.e., an observer, capable of 
performing measurements on a particle that occupies its spa¬ 
tial mode. We also occasionally consider parties with access 
to more than one spatial mode. Since the particle locations 
are not well defined it is not operationally meaningful to con¬ 
sider entanglement between degrees of freedom of the indi¬ 


vidual particles. Instead we consider entanglement between 
the degrees of freedom associated with the parties lH^-dU], 
i.e., entanglement between the modes O^l^ . What defines 
the different parts of the system that can be entangled is thus 
the subsets of operations that the different parties can perform 
In our case these subsets are defined by the 
spatial separation of the parties, but more general cases can 
be considered j^ . In particular we study the simplest spa¬ 
tial configuration that allows delocalization, i.e., three spatial 
modes. 

We make the additional assumption that at most one particle 
is found in any given spatial mode. The local Hilbert space of 
a spatial mode is thus spanned by the two internal degrees of 
freedom 11); I i) |0) representing the absence of a particle. 
It is the entanglement of these local degrees of freedom of 
the different spatial modes we consider. In particular we take 
the maximally entangled states in such a system to be those 
with maximally mixed one-mode reduced density matrices in 
analogy with the case of localized particles. For such a state 
any party has the same probability of finding | f), as | J,) or 
|0) when performing a local measurement. Furthermore, it is 
implicit in the definition of the system that the global particle 
number is conserved. The Hilbert space of the full system 
is therefore spanned by the twelve vectors \ijO), \0ij), \iOj), 
where ij e {t4}. 

To apply the methods of characterizing the entanglement 
in this system, such as constructing entanglement invariants 
or demonstrating Bell-nonlocal correlations the first step is to 
identify the group of local operations that can be performed. 
For this the global conservation of particle number has impor¬ 
tant implications. 

A. Entanglement and Bell-nonlocality in a system with a 
superselection rule 

The notion of entanglement depends on the division of the 
system into parts corresponding to different parties. For three 
parties A, B, and C we denote such a partitioning of the sys¬ 
tem by AIBIC. It is assumed that a given party, e.g. party A, 
can only act on a subset of the degrees of freedom of the 
system that are locally accessible to A described by the lo¬ 
cal Hilbert space Ha- Alternatively, for a bi-partitioning of 
the system, e.g., AIBC, it is assumed that the degrees of free¬ 
dom of both mode B and C are accessible to a party who can 
perform operations on the Hilbert space Hb ® Hq- The full 
Hilbert space of the shared system is described by the tensor 
product H = Ha ® Hb ® Hq of the individual local Hilbert 
spaces. A state, represented by it density matrix p, is entan¬ 
gled with respect to a partitioning if it cannot be expressed as a 
separable state. For example, a three-partite state is separable 
if it can be expressed as 

P = ^PkPA® Pb® Pc^ (1) 

k 

where is a reduced density matrix for party X, > 0, and 
Sfc Ffc = 1- Th® notion of separability clearly depends on the 
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partitioning of the system. A state that is non-separable for 
the partition AIBIC may be separable for the partition AIBC. 
However, a state which is separable for the partitioning AIBIC 
is separable for any bi-partitioning such as AIBC. 

In a system with a conserved quantity, for example a charge, 
a particle number, or a parity, the set of physically allowed op¬ 
erations is restricted to those that conserve the given quantity. 
This restriction, called a super-selection rule, imposes a re¬ 
striction on the local operations the parties can perform. For 
an introduction to superselection rules see e.g. Ref. S. 

No local operations that change the conserved quantity are 
allowed. For example, if the total value of the conserved 
quantity is the sum of local values, as is the case with par¬ 
ticle number, the allowed local operations can not change 
the local values. In this case we can decompose the Hilbert 
space H of a system with n spatial modes as a direct sum 
H = where is the Hilbert 

space of states with local conserved quantities qi,q 2 ,... ,qn 
of the n modes. The allowed local operations cannot trans¬ 
form between the different sectors defined by the different 
^gi.g 2 ,...,g„- For example, a local operation g on the part of 
the system with local conserved quantity qi can not change the 
value of qi. Therefore, it can be given a block-diagonal ma¬ 
trix form where each block is a transformation on a subspace 
of the local Hilbert space corresponding to a given value of 
qi, i.e.. 


g = 


0 
0 


0 

^gi—n—1 

0 


0 

0 


0 0 

Vo 0 


0 0 \ 

0 0 


0 

0 


0 


Bgi=l 

0 


,( 2 ) 


0 

0 


where is the block containing an operation that pre¬ 

serves the value qi = i of the local conserved quantity. This 
form of the local operations implies that a coherent super¬ 
position ■^dV’) + 1?^)) where |'0) and \(j>) belong to differ¬ 
ent sectors, i.e., different values of the local conserved quan¬ 
tities, cannot be distinguished from the incoherent mixture 
i|'0)(V'l + by means of local operations. 

A super-selection rule can therefore limit the ability of the 
parties to distinguish different states. In particular it can 
limit the ability to distinguish entangled from separable states. 
More precisely, for an entangled state p there may exist a sep¬ 
arable state ps such that all physically allowed observables by 
parties A, B, and C yield the same expectation values. Thus 
we say that p is indistinguishable from the separable state 
Ps given the partitioning AIBIC if for all local measurements 

Qa, Qbi Qc 


AIBC. This is in contrast to the case without super-selection 
rules where the entanglement of the system can be fully de¬ 
tected and characterized using the most fine grained partition¬ 
ing. Thus, in general the operational characterization of en¬ 
tanglement in systems with super-selection rules require all 
partitionings to be considered. 

If there is no super-selection rule, parties that share a pure 
entangled state can always find local measurements with out¬ 
come correlations that cannot be described by a local hidden 
variable model, i.e., a local description of reality [3^. 

Correlations of this kind are called Bell-nonlocal Such 

nonlocal outcome correlations can be characterized by the vi¬ 
olation of a so-called Bell-inequality. A Bell inequality is 
a linear expression in the measurement expectation values 
and their correlators which has a maximum value for Bell- 
local correlations that can be exceeded by non-local correla¬ 
tions. For two such parties sharing a system where the local 
Hilbert spaces are spanned by two degrees of freedom a cer¬ 
tain BelTineguality, the CHSH-inequality lli^ . is violated by 
any given pure entangled state. However, there exist mixed 
non-separable states for which all measurement outcome cor¬ 
relations are Bell-local ll4ill4^ . Thus, there exist mixed states 
which can be verified to be entangled by a state tomography 
but are still Bell-local. 

In the presence of a super-selection rule a pure entangled 
state may be indistinguishable from a separable state, and thus 
all correlations are Bell-local. This is in contrast to the case 
without super-selection rules where such states do not exist. 

Note that super-selection rules can allow for quantum infor¬ 
mation tasks which are not possible otherwise. For example, 
coding data in the state of the system in such a way that it 
can only be read by global measurements and is hidden from 
parties making local measurements ll^ . 


B. The particle conservation superselection rule 

The global conservation of particle number implies that any 
local unitary operation made on the system must conserve the 
local particle number. This restriction on unitary operations 
implies a restriction also on the Stochastic Local Operations 
and Classical Communication (SLOCC) ll23l . Operationally 
SLOCC is the operations where each party can entangle their 
modes with a local ancillary system, and subsequently per¬ 
form a projective measurement on the ancillary system. This 
is then followed by post selection based on classical commu¬ 
nication of the measurement outcomes. The SLOCC satisfy¬ 
ing the particle conservation super-selection rule are described 
by the action of a subgroup Gswcc of the special linear group 
(SL). Locally on each spatial mode the action of Gswcc is de¬ 
scribed by matrices g of the form 


Tr{QA X Qb X Qcp) = Tr{QA x Qb x QcPs)- (3) 

However, a state that is indistinguishable from a separa¬ 
ble state given the partitioning AIBIC may still have entangle¬ 
ment that is detectable given a more coarse partitioning, e.g. 


fen Cff 0 \ 

5 = Cft cu 0 h det{g) = 1, (4) 

Vo 0 Coo / 

where = {i\g\j) for a the basis | f), | 4-), |0) of the local 
Hilbert space. The particle conservation super-selection rule 
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is expressed in the block diagonal structure of these matrices, 
where the 2 x 2 block corresponds to a particle in the mode and 
the other block corresponds to the absence of a particle. The 
group Gslocc is a Lie-group lliil] of determinant one matrices. 
Any element in such a group can be expressed as the matrix 
exponential of a traceless matrix. The generators of the Lie 
group is a set of traceless matrices such that any element of 
the group can be expressed as a matrix exponential of a linear 
combination of the generators. 

On a given spatial mode, the local action of the group Gslocc 
is generated by the four Gell-Mann matrices 


Ai — 


Aa — 



A 2 = 


As — 



(5) 


Any element of Gslocc can thus be expressed as 

^aAi+/3A2+'y-^3"l"^-^8 ^ g€Ai+^A 2 +'i 7 A 3 + 0 A 8 ^ gKAi+/iA2+^'A3+^A8 

for some a,..., ^ £ C. 

We can consider the subgroup G 123 with local action gen¬ 
erated by Ai,A 2 ,A 3 , i.e., only acting on the local subspace 
spanned by | f) and | 1), and the subgroup Gg generated by 
Ag. The group Gg contains the only operations involving both 
| 0 ) and the internal degrees of freedom which are allowed by 
the super-selection rule. It is clear from the form of the gen¬ 
erators that Gi 23 and Gg commute. Furthermore, the group 
Gsu of local special unitary operations satisfying the super¬ 
selection rule is the subgroup of Gslocc with elements satisfy¬ 
ing gg^ = /. 

Note that if one of the particles is localized with a party, 
e.g., party A, the local unitary operations or SLOCC can only 
act on 11) and | J,). Therefore the Gell-Mann matrix Ag is not 
among the generators for the action on the mode of party A. 
This type of scenario is not considered in the main text and 
does not affect the conclusions. See the Appendix for a brief 
discussion. 

The particle conservation super-selection rule leads to a 
simple relation between detectable entanglement and Bell- 
nonlocality. A pure entangled state of two delocalized spin-A 
particles has Bell-nonlocal correlations for a given partition¬ 
ing if and only if it is distinguishable from a separable state. 


Lemma 1. A pure entangled state of two delocalized spin- 
A particles is Bell-local for a partitioning if and only if it is 
indistinguishable from a separable state. 

Proof For a partitioning AIBC a general state |'0) can be writ¬ 
ten as 


1^) = + ?'2|4.)I0 + »'3|0)|?5>), (6) 

where |0), |.f), |^) £ Hbc- Consider the projection of the 
state onto a subspace where one particle is localized with A 
and one with BC. All states in the subspace spanned by 10) and 
1^) contains only one particle. Therefore, within this subspace 
the operations by the party with access to the modes B and C 


are not restricted by the super-selection rule. Given such op¬ 
erations the system is now isomorphic to a system of two lo¬ 
calized spin-A particles. Therefore, there exist measurements 
with Bell-nonlocal outcome correlations if the projection of 
the state onto this subspace is entangled, i.e., if |0) \4)) and 

rir 2 0. If the state is Bell-local it thus follows that rir 2 = 0 
or |0) = 1^). Such a state is, up to local unitary operations, of 
the form si | j,) |(/j) -f S 2 10) |(^) and is indistinguishable from a 
separable state |sip|4.)(j,| 0 \'p){'p\ + |s 2 p| 0 )( 0 | 0 \f){f\. 

For a partitioning AIBIC the question of Bell-locality re¬ 
duces to the question of Bell locality for measurement per¬ 
formed by the pairs of parties AB, BC, and AC. This fol¬ 
lows since only two parties, e.g. A and B, can find parti¬ 
cles in any given measurement and measurements performed 
by C are correlated with the outcomes of A and B in a 
way that can be described by local hidden variables. Thus 
the state is Bell-local only if it is a superposition of three 
product states with the particles in different locations. Up 
to local unitary transformations these states are of the form 
riltfO) -f r 2 |C 04 ,) -b rglO^x)- This state is indistinguishable 
from the separable state |rippi -f |r 2 pp 2 + |?’ 3 pP 3 , where 
Pi = It)(tl®lt)(tl®|0)(0|,p2 = IC)(CI®|o)(o| 0 |i)ai, 
and p3 = | 0 )( 0 | 0 |k)(k| 0 |x)(xl- 

Finally, a state that is indistinguishable from a separable 
state is trivially Bell-local. □ 

The ability to detect entanglement in a pure state is thus 
equivalent to the ability to detect Bell-nonlocal correlations. 


C. Entanglement classification using invariants 

A characterization of the entanglement of a system can be 
made in terms of quantities and parameters specific to a partic¬ 
ular physical realization, but here we will focus on realization 
independent properties, i.e., intrinsic properties of the system. 
In particular, we consider the entanglement between different 
parts of the system and the local unitary symmetries of a sys¬ 
tem. The significance of the local unitary symmetries is that 
they identify certain exceptional types of entanglement that 
often have interesting properties. 

A general tool for entanglement classification is thepoly- 
nomial entanglement invariants lflol - [l^ [TM [l^ 1^ 12311^ . 
A polynomial invariant of Gslocc (Gsu) is a polynomial in the 
coefficients of the state vector (in the coefficients and their 
complex conjugates) which is invariant under the action of 
Gslocc (Gsu)- Two States are said to have the same type of 
entanglement with respect to Gslocc (Gsu) if they can be con¬ 
verted into each other by Gslocc (Gsu)- If this is the case any 
ratio between two Gslocc invariants (Gsu invariants) take the 
same value for the two states. In this sense the invariants un¬ 
der Gslocc (Gsu) Serve as Coordinates on the space of Gslocc 
(G su) inter-convertibility classes, i.e., different types of entan¬ 
glement. A subset of the invariants with the property that all 
invariants can be constructed algebraically from the subset is 
called a set of generators m. A set of generators is thus 
sufficient to describe all entanglement types in the system. 
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Suitably chosen the generators of the invariants correspond 
to physically relevant properties of the system that depend on 
the entanglement. In particular a choice can be made such that 
the set of states where one or several generators take the value 
zero correspond to an intrinsic symme try Wh . This choice 
also captures exceptional dimensions lO and topologies ll^ 
of the local unitary inter-convertibility classes of states. 

A SLOCC invariant can also be used to construct a function 
that is non-increasing under SLOCC, an entanglement mono¬ 
tone If / is a SLOCC invariant of degree k, the func¬ 

tion is an entanglement monotone Ei. To understand 
the meaning of an entanglement monotone we note the two 
following properties of SLOCC operations. A SLOCC opera¬ 
tion, when represented by a determinant one matrix, does not 
in general preserve the norm of the state vector. If the state 
vector is normalized the value of I is therefore in general not 
preserved by a SLOCC operation. Moreover, a SLOCC op¬ 
eration can in general not be performed with unit probability 
of success. The outcome is a statistical mixture of the desired 
outcome state and some other state(s), and the desired oper¬ 
ation is realized only after postselection to remove the unde¬ 
sired outcomes. 

When taking the outcomes of the unsuccessful attempts to 
perform the operation into account, and properly normalizing 
the outcome state vectors, the value of I is in general not con¬ 
stant. However it was shown in Ref. that the function 
|/| 2 /fc (jQgg jjQ( increase when averaged over both successful 
and unsuccessful attempts. Since this function does not in¬ 
crease under SLOCC it is called an entanglement monotone 
and quantifies a property of the system that cannot be created 
by SLOCC. In a system without superselection rules this di¬ 
rectly implies that it quantifies a property of the entanglement 
since all non-entangled states can be created by SLOCC. In 
this case the monotone thus serves as a measure, of the par¬ 
ticular type of entanglement distinguished by the invariant it 
was constructed from. In the presence of a particle conser¬ 
vation superselection rule the implication that the monotone 
measures a property of the entanglement is not direct because 
the set of SLOCC operations is restricted. However, it can be 
shown that in the present case a nonzero value of an entangle¬ 
ment monotone implies that Bell-nonlocal correlations can be 
observed across all bi-partitions. 

Theorem 1 . If a state \tjj) is Bell-local over a bipartition, 
there exist no maximally entangled state to which |' 0 ) can be 
converted by SLOCC and no entanglement monotone takes a 
non-zero value for Ifi). Moreover, local special unitary oper¬ 
ations can induce an arbitrary global phase shift of the state 
vector Thus, if an entanglement monotone takes a non¬ 
zero value the state is Bell-nonlocal over every bi-partition. 

Proof As described in the proof of Lemma[Tl if a state is 
Bell-local over a bipartition AIBC there exist a basis such that 
|'0) = ri| t)|^) + r 2 | 0 )|^). For a state of this form the deter¬ 
minant one matrix e“ 3 «A 3 +aA 8 x I x I changes the norm of 
the state vector by a factor of e“^“. By making a sufficiently 
large we can bring the norm arbitrarily close to zero. This im¬ 
plies that the set of states which are inter-convertible with I'f) 
does not contain any maximally entangled states The 


form of the state |^/;) also implies that x 7x7 

is an element of the stabilizer group. This means that under 
the special unitary operation x 7 x 7 the state 

accumulates a phase-factor 

Vice versa, if there exist an entanglement monotone which 
takes a non-zero value for a state, the state cannot have the 
form |'0) = I t)l^) + | 0 )l</') for bipartition, since no ho¬ 
mogeneous polynomial is invariant under x 7 x 7. 

Thus, the state must be Bell-nonlocal over every bipartition. 

□ 

Thus a monotone serves as a measure of detectable entan¬ 
glement, and in particular of the type of detectable entangle¬ 
ment distinguished by the invariant it was constructed from. 

A maximally entangled state is defined as a pure state for 
which all the single party reduced density matrices are maxi¬ 
mally mixed. If a given state \tjj) and some maximally entan¬ 
gled state can be converted into each other by SLOCC (with 
a non-zero probability of success), there exist at least one en¬ 
tanglement monotone which takes a non-zero value for |' 0 ). 
Furthermore, on the SLOCC inter-convertibility class of \ifj) 
the monotone takes its maximal value on the maximally en¬ 
tangled states lld^ 1^ . For the states that can not be trans¬ 
formed by SLOCC to a maximally entangled state, a non-zero 
entanglement monotone still exist if the state can be brought 
arbitrarily close to a maximally entangled state by SLOCC. 

Bell-nonlocality across all bipartitions is a requirement for 
entanglement measures as described by Theorem[T|and there¬ 
fore also for maximal entanglement. Maximally entangled 
states and more generally states for which some entangle¬ 
ment monotone takes a non-zero value are Bell-nonlocal for 
every bipartition of the system. However, maximal entangle¬ 
ment or non-zero entanglement monotones do not imply Bell- 
nonlocality over AIBIC. 

Next we provide the motivation why delocalization over 
three modes is considered. In a system of two delocalized 
spin-i particles where at most one particle can occupy a spa¬ 
tial mode, SLOCC invariants can only exist if the number of 
spatial modes is three. 

Theorem 2. There exist no entanglement measures or max¬ 
imally entangled states for two delocalized spin-^ particles, 
where at most one particle occupy a spatial mode, if the num¬ 
ber of spatial modes is larger than three. 

Proof. Consider two delocalized particles in a system of n 
spatial modes and the matrix g 

(rC^ 0 0 \ 

g=\ 0 0 ■ (7) 

\ 0 0 j 

The action of the Gswcc group element 5 ^" on a basis vec¬ 
tor depends only on the number of occupied spatial modes. 
Therefore this action is a scaling factor 7 .- 2 (u.- 3 )g- 2 (n- 3 )i 0 
of the state vector. 

It follows that for r 7 ^ 1 it is impossible to construct poly¬ 
nomials in the state vector coefficients that are invariant under 
this action unless n = 3. □ 
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Thus, a description of the maximally entangled states in a 
system with three spatial modes is an exhaustive description 
of maximal entanglement for two delocalized spin-^ particles. 

D. SLOCC invariants 

We now describe the invariants of Gswcc and how to find 
them. Our method to construct the Gswcc invariants is to find 
the algebra of polynomial Gi 23 -invariants and then select the 
subalgebra of Gs invariants. Since G 123 and Gg commute 
this subalgebra contains all the Gswcc invariants. Furthermore, 
Gi 23 is isomorphic to SL{2)^^ and therefore we can use Cay¬ 
ley’s Omega Process (see e.g. il) to find the G 123 invariants. 
This procedure is described in the Appendix. 

It is found that the invariants of Gswcc ^6 generated by the 
two polynomials 

X (mo-|'-t-mo4.4, — 

X (m|otW4,o4, - (8) 

and 

I 2 =TO-|-(-o(woU”T-iOt ~ 

+m-|-|o(TOott«T-4,o4. — motfWfof) 
+mifo{moi^mfoi — m,ou™tot) 

+muo("iotf”rtot - (9) 

where m^fc is the probability amplitude of \ijk) for i,j, k € 
{tiijO}. The corresponding monotones are and 

|/ 2 p/^, respectively. The polynomial Ii is the product of the 
concurrence polynomials lUffl corresponding to the three pairs 
of spatial modes. The individual concurrence polynomials are 
invariant under G 123 but not under Gg. However, the modulus 
squared of a concurrence polynomial is a local unitary invari¬ 
ant. We denote these invariants Iab,Ibc^ Iac where 

Iab =|wito^tto ~ 

Ibc =|™oi4.wo-|-i- — 

Iac =\mioimfot - (10) 

The invariant Iab takes a non-zero value only if the projection 
of the state onto a subspace where the particles are localized 
with A and B is an entangled state of two localized particles. 
This is equivalent to the existence of Bell-nonlocal correla¬ 
tions between A and B as described in the proof of Lemma[T] 
The invariants Ibc and Iac have the same property for B and 
C, and A and C, respectively. The concurrence polynomials 
thus describe the detectable entanglement between parties in 
a tri-partition of the system. The invariant Ii thus takes a non¬ 
zero value only if each projection of the state, onto a subspace 
where both particles are localized, is an entangled state of two 
localized particles. This is equivalent to each pair of parties 
being able to observe Bell-nonlocal correlations. 


Both Ii and I 2 measure genuine tri-partite entanglement in 
the sense that they take zero value if there is any bipartition 
over which the state is a product. Note that Ji is symmetric 
under the interchange of two parties while I 2 is antisymmet¬ 
ric. 


III. THE ENTANGLED STATES OE TWO SPIN-f 
PARTICLES AND THEIR BELL-NONLOCALITY 

We now characterize the the entanglement of the system 
of two delocalized particles in terms of detectable entangle¬ 
ment, i.e.. Bell nonlocality for different partitions and differ¬ 
ent parties. Since the Hilbert space of the system is spanned 
by twelve basis vectors the number of real parameters that are 
needed to describe the set of state vectors is 24. However, the 
entanglement of a state is invariant under local unitary trans¬ 
formations. Hence, by removing these local degrees of free¬ 
dom one can more clearly see the degrees of freedom relevant 
for the entanglement llmUA . To facilitate the character¬ 
ization of the entanglement in the system we therefore con¬ 
struct a parametrized set of states such that any state can be 
transformed by a local unitary operation to a state in this set. 
The set has twelve parameters and is given by 

riIttO) +r 2 |U 0 ) +r 3 |i 0 ;) +r 4 |t 0 t) +r 5 e*‘^|t 0 i) 

TrelOU) + rrlOtt) + rge*^|0it) + rge^^lOU), (H) 

where 9 are real numbers and ri,..., rg are real and 
non-negative numbers satisfying = 1 - The expres¬ 

sion in Eq. (fTTT i can be derived from a general parametrization 
of a state vector by a straightforward use of Gsv operations to 
reduce the number of basis vectors from twelve to nine. First 
two unitary operations on the mode of A and the mode of B 
respectively to bring the part of the state vector in the sub¬ 
space where the particles are with A and B to the Schmidt 
form ll^ ri | ft 0 ) + ?' 21 j-i 0 ), followed by a unitary opera¬ 
tion on the mode of G to bring the part of the state vector in 
the subspace where the particles are with A and G to the form 
ral |0|) -f r4| tot) + tOt), i.e., reducing the number 
of basis vector needed for this subspace by one. This is then 
followed by an elimination of two relative phase factors of the 
remaining basis vectors using the diagonal subgroup of Gsu 
generated by A 3 and As on each of the modes. 

As described in Sect. Ill PI measurements by two parties, 
e.g., A and B, can reveal BelTnonlocality if and only if the 
concurrence polynomial takes 

a non-zero value. For the parametrization in Eq. (fTTTi this 
means rirg 7 ^ 0. Likewise, Bell-nonlocality for BC and AC 
requires — rsrge®*^'^’*'®^ 7 ^ 0 , and r 3 r 4 7 ^ 0 , respectively. 
Since these constraints are satisfied only by a low dimensional 
subset of states, a generic state is nonlocal for each pair of 
parties. Moreover, if a state is Bell-local for each of the pairs 
AB, BC, and AC it is Bell-local for the tri-partition AIBIC as 
described in the proof of Lemma[T] and the invariant G which 
is the product of three concurrence polynomials thus takes the 
value zero. 
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Next we consider Bell-nonlocality for bi-partitions of the 
system. If a state is Bell-nonlocal for measurements per¬ 
formed by A and B it is trivially Bell-nonlocal for the bi¬ 
partitions AIBC and BIAC. However, Bell-nonlocality across 
bipartitions does not imply anything about correlations be¬ 
tween any pair of parties, e.g. A and B. States that are Bell- 
local over AIBIC can still be nonlocal over bipartitions. 


A. Entangled states that are Bell-local for three parties 

We now describe the set of states that are Bell-local for the 
tripartition AIBIC. This set can be further divided into sub¬ 
sets based on for which bipartitions entanglement can be de¬ 
tected. The presence of detectable entanglement, i.e.. Bell- 
nonlocality, across a given bipartition, e.g. AIBC, given that 
the tripartiton AIBIC is Bell-local, is described by a non-zero 
value of a particular unitary invariant Ia\bc- The three poly¬ 
nomial invariants of this type are 

Ia\bc = 

Ic\AB = 

= |mot4.m-fot — + |TOot4.mt,ot — 

+ \moiimfof - moiftntoiP + |™ou™fot - 

Ib\ac = 

= |?7r-|-4.omott ~ ~ 

+ + l^uo^on “ 

( 12 ) 

The construction of these invariants is described in the Ap¬ 
pendix. 

The states for which no bipartition feature nonlocal corre¬ 
lations are equivalent up to local unitary operations to a state 
of the form 


S L:A\BC.B\AC.C\AB = ri|U0) + r2|i0;) + r3|0U), (13) 

where r-i, 7 - 2 , are real and non-negative satisfying 
= 1. These are simply the states where the particles 
are delocalized but no entanglement exist between the internal 
degrees of freedom of the different spatial modes or between 
internal degrees of freedom and spatial location. The invari¬ 
ants are accordingly Ii = I 2 = Ia\bc = Ib\ac = Ic\ab = 
0 for this class of states. 

Next we consider the states where only the bipartition AIBC 
features nonlocal correlations. For these states the invariant 
Ia\bc ^ 0 while Ib\ac = Ic\ab = 0. Up to local unitary 
operations such a state is of the form 

= ^ilUO) + r2|t0t) + r3|0;t), (14) 


where ri, r2 > 0, r3 > 0, and X]j=i “ T ^ simple exam¬ 
ple of a state in this class is two maximally entangled photons 
where one of the photons have passed through a spin polariz¬ 
ing beam splitter -^(1 ii 0 ) -f 1101 ))- States with nonlocal 
correlations across only BIAC or CIAB can be obtained from 
Eq. (O by permuting the spatial modes. 

States which are Bell-nonlocal over AIBC and CIAB but not 
over BIAC are up to local unitary operations equivalent to 

= nliiO) + r2|t0t) + ralOii) + r4e*^|0it), 

( 15 ) 

with the constraints ri, 7’2, rs > 0, 7-4 > 0, and ’’’j ~ 

For this class of states Ia\bc = ''’1^2 Ic\ab = ''’2^3 while 

Ib\ac = 0 - The states with nonlocal correlations over AIBC 
and BIAC or BIAC and CIAB can be obtained by permuting 
the spatial modes. 

Finally we consider the states where all bi-partitions are 
Bell-nonlocal. For any state that is Bell-local over the tri¬ 
partition AIBIC but nonlocal over each bipartition AIBC, BIAC 
and CIAB, the invariant I2 ^ 0 . Any such state belongs to the 
set 

gNLAwc.B,Ac.c^ =ri | 0) + r2 1 f 0 f) + 1 0 + r4 1 0 ft) 

+r 5 e*®| 0 n) + —( 16 ) 

7-5 

where 7'i,7-2,7-5 > 0,7-3, ^4 > 0, and -(-r§ -|-rl -(-r| -|- 

{r^r^/r^Y = 1- For this set of states I2 = rir2r^e^^. 

Note that since the polynomials Ia\bc^ Ib\ag^ Ic\ab 
are not invariant under SFOCC they cannot be used to con¬ 
struct measures for their corresponding types of entanglement. 
By Theorem ([T]) no such measures exist for the states in fami¬ 
lies of Eq. (fPl l. (O, and (fTSl l. 

B. The intrinsic symmetry of a generic entangled state 

The delocalization of the two spin -4 particles gives rise to 
a local unitary symmetry of the system which is qualitatively 
different from symmetries of localized spin-i particles. To 
see this we consider the intrinsic symmetry of a generic en¬ 
tangled state, i.e., any state in the family in Eq. (fTTT) except 
for some lower dimensional subsets of states. These lower 
dimensional subsets, with a higher degree of symmetry, cor¬ 
respond to one or more constraints on the parameters (j), 9 , (f 
and ri,..., rg in Eq. (HB- The generic intrinsic symmetry is 
described by the stabilizer group with elements 

^iirm\3+ia\s ^ y- gi(a-fm)>.s 

where a is a real valued parameter and m is an integer. Note 
that the relation I leads to an ambiguity in the 

representation of the group elements in Eq. (fTTl) . 

The existence of a generic non-trivial symmetry can be con¬ 
trasted with the case of three or more localized spin -4 parti¬ 
cles where no non-trivial generic symmetry exist ifnll . A bi- 
patite system of localized spin -4 particles on the other hand 
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has a generic non-trivial symmetry. However, the symmetry 
in Eq. (fTTI) is not related to any symmetry of localized parti¬ 
cles, but is a consequence of the delocalization. This can be 
seen from the fact that the only element in the stabilizer group 
in Eq. (fTTl i which does not involve Ag is the identity element. 

An example of a subset of states with a non-generic sym¬ 
metry is the set in Eq. (fTSl l. These are the states 

which are Bell local for AIBIC and Bell-local over BIAC but 
nonlocal for the other bi-partitions. The generic symmetry of 
this subset is described by the larger stabilizer group 

^ia^ipXs+ijXg ^ ^i^aX3+i{^P+j+^a)Xs ^ g+i{-^P+'y)>^s 

( 18 ) 

where a, /?, 7 are real valued parameters. This specific config¬ 
uration of Bell-locality and nonlocality for the different parti¬ 
tions thus coincides with a higher degree of symmetry. Sim¬ 
ilarly, the other non-generic Bell-nonlocality configurations 
in Eq. (fT 3 l i. (fT 4 l) . and (fTbl) correspond to larger symmetry 
groups. 

A symmetry of the type in Eq. (fTSl l which includes a phase 
factor e®“ implies that local special unitary operations can in¬ 
duce an arbitrary phase shift of the state vector. Eor a state 
with the generic symmetry on the other hand, local special 
unitary operations can only induce a discrete set {±1, ie®"?} 
of phase factors. This is an example of how the Bell-locality 
across a bipartition is reflected in the symmetry properties of 
the state as described in Theorem ([ 1 ]). Eurthermore, the dis¬ 
crete set of phases is related to the invariant I2 since it is 
a polynomial of degree 3 and therefore only invariant under 
global phase shifts which are multiples of 27 r/ 3 . 

When local unitary evolution of a state can only induce a 
discrete set of phase shifts these are called topological phases 
ll 54 l - l^ . The name comes from the relation to the topology 
of inter-convertibility classes of states under local special uni¬ 
tary operations. These topological phases can be observed as 
an interference effect in systems undergoing special unitary 
evolution 

Eor any number of localized spin-A particles the topolog¬ 
ical phases of a generic state are only ±7r. Any other set of 
topological phases of the form {^} for some given integer 
k 1 and integers m exist only in lower dimensional subsets 
of states if^ . The generic fractional topological phase 27 r /3 
is thus a qualitative feature related to the generic symmetry, 
and caused by the delocalization of the particles, which never 
appears in systems of localized spin-^ particles. 

IV. THE MAXIMALLY ENTANGLED STATES 

The set of maximally entangled states can be described up 
to local unitary operations by the two families of states. Si (r) 
and S2{r, 9 ). These can be constructed from the states in Eq. 

by imposing the conditions that all reduced single party 
density matrices are maximally mixed. The first family Si (r) 
can be understood as an equal superposition of three differ¬ 
ent maximally entangled states of two localized particles on 


the pairs of spatial modes A and B, A and C, and B and C 
respectively. The family S'i(r) can be expressed as 

5 i(r) =^(lttO) + lUO) + lio;) + Itot)) 

+y/l/6-r2(|0U) + |0tt)) 

+r(|0it) - |0n)), (19) 

where 0 < r < l/x/6. If a state in this class is projected onto 
a subspace where the two particles are localized in a pair of 
spatial modes, e.g. A and B, the resulting state is a maximally 
entangled state of two localized particles. 

With this parametrization Ii = 6~^ and /2 = r/ 3 . The 
invariant Ii, is constant since it is the product of the three 
concurrence polynomials and each such polynomial is a mea¬ 
sure of the bipartite entanglement of two localized particles. 
Eor the parametrization in Eq. (fT 9 l l the invariant /2 is pro¬ 
portional to the amplitude of the singlet state 10 If) — 10 ti) 
for the spatial modes B and C. A maximally entangled state 
of two localized particles can be transformed into any other 
such maximally entangled state by local unitary transforma¬ 
tions, but the three pairs of superposed such states in Eq. ( fT 9 l) 
cannot be transformed independently of each other. The de¬ 
gree to which the three superposed entangled particle-pairs 
can be simultaneously transformed to the same bipartite state 
on their respective pair of spatial modes is described by the 
parameter r. This "relative orientation" of the states of the 
three entangled pairs, and the corresponding bi-partite corre¬ 
lations, is quantified by the invariant /2. The three pairs can 
be oriented in the same way only if /2 = 0. 

The second family S2(r, 6 ) is given by 

S 2 {r,e) =r(|tt0) + |i0i)+e®^|0;t)) 

+yi-r2(|U0) + |t0t) + |0ti)), (20) 

where 0 < r < l/x /3 and 0 < 0 < 27r. The two in¬ 
variants take the values Ii = r^(l /3 — and I2 = 

J,3g^e _ _ ,-2^3/2^ respectively. Eor 0 < r < l/x /3 

the states in this family can be described as super-positions of 
non-maximally entangled pairs of localized particles. As op¬ 
posed to states of the first family it is not maximal entangle¬ 
ment of these pairs but the precise relation between the states 
of the pairs that makes the state in Eq. (l 20 l i maximally entan¬ 
gled. Moreover, for r = 0 the state cannot anymore be de¬ 
scribed in terms of bipartite entanglements between localized 
particles. This value of r correspond to the unique maximally 
entangled state, up to local unitary transformations, which is 
Bell local for AIBIC. This is also the only maximally entan¬ 
gled state for which Ii = 0. 

The zero points of the two invariants Ii and I 2 on the set 
of maximally entangled states corresponds to two states with 
special entanglement properties and a high degree of symme¬ 
try. We consider these two states in more detail. 

The maximally entangled state distinguished by /2 = 0 in 
the first family is the state for which all the superposed max- 
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imally entangled pairs of two localized particles can be given 
the same orientation. 

IV'i) = ■^(ltt0) + li'^0) + l'^0i) + lt0t) + |0ii) + |0tt))■ 

( 21 ) 

This is the only state that can be understood as the delocal¬ 
ization of a maximally entangled pair of two spin -2 particles 
where the spatial degree of freedom has not been entangled 
with the orientation of the pair. The state has a high degree of 
symmetry described by the non-Abelian stabilizer group de¬ 
fined by the elements 

(k+l+m+n+p+q) ^i^[k—l — m+n+p+q]\ 3 +iaXs 
X g''-^[k—l+m—n—p+q]\ 3 +i[a+^{ — m—n+p+q)]Xs 
^ ^i^[—k+l—m+n—p+q]X3+i[a+^{—k—l+p+q)]X8 

and, X X (22) 

where a, /3 are real numbers and k, I, m, n,p, q are integers. 
This symmetry is distinguished from all other symmetries by 
a fractional topological phase tt/ 3 instead of the generic 2tt/3. 

In the second family we can consider the unique maximally 
entangled state which is Bell local over the tri-partition AIBIC, 
i.e., for which Ii = 0 . 

IV^2) = ^(ltto) + |io;) + |oit)). (23) 

This state has an intrinsic symmetry described by the local 
unitary stabilizer group with elements 

gictAs-l-i^As gi7A3 + ii(3/3—a-|-7-l-i5)Ag 

X g ^‘^'^3 + ^t(3/?-t-a-t-27-t-^)A8 (24) 

where a, jd, 7 , 5 are a real valued parameters. Note that the 
trivial factors e~^ = I have been removed. 

In conclusion, we can see that maximally entangled states 
of two delocalized spin -2 particles are in general not simply 
entangled pairs of particles that have been delocalized. Only 
one maximally entangled state, up to local unitary operations, 
can be described this way. In general the spin degrees of free¬ 
dom are entangled with the spatial location in more subtle 
ways, and in the extreme case this leads to a maximally entan¬ 
gled state that is Bell-local for three parties performing local 
measurements. 


V. GENERALIZATION TO MORE THAN TWO 
PARTICLES AND TO HIGHER SPIN 

As described in Theorem |2] maximally entangled states for 
two delocalized spin -2 particles only exists when there is 


three spatial modes if at most one particle an occupy any given 
mode. This is the most trivial example of a more general con¬ 
dition for existence of maximally entangled states in terms of 
a relation between the number of particles, their internal de¬ 
grees of freedom, and the number of spatial modes. A system 
of delocalized spin-| particles admits maximally entangled 
states only for a ratio between the number of particles and the 
number of modes which is given by the particle type. 

Theorem 3. In a system ofn spatial modes and m delocalized 
spin-^ particles, where at most one particle occupy any spa¬ 
tial mode, entanglement measures and maximally entangled 
states exist if and only ifm/n = {p 1) / {p 2). 

Proof. To show necessity of the relation m/n= {p-\-1) / {p-\- 
2) we construct the generalization of the proof of Theorem 
|2] Consider m delocalized spin-| particles in a system of n 
spatial modes and the diagonal (p -b 2 ) x (p -f 2 ) matrix g 
acting on the local Hilbert space of some spatial mode 

/re*'^ 0 0 • • • 0 0 \ 

0 re*'^ 0 ••• 0 0 

0 0 ■■■ : : 

9 = 

: : ■■■ 0 0 

0 0 • • • 0 re*'^ 0 

Vo 0 ••• 0 0 r-^P+de-iP+di<l> J 

The matrix is an element of S'L(p -b 2) and is a generaliza¬ 
tion of the matrix in the proof of Theorem |2] The p -b 1 first 
columns of g act on the internal degrees of freedom of the par¬ 
ticle and the last column acts on |0). See e.g. Ref. if^ for a 
description of the generators of general SU and SL groups. 

The operation belongs to the Gswcc group for spin-| 
particles. The action of on a basis vector depends only on 
the number of occupied spatial modes. Therefore this action 
is a scaling factor r^p+-^'l'^-{p+dnff(p+i)m-{p+i)n\i 4 > 
state vector. 

It follows that for r 7 ^ 1 it is impossible to construct poly¬ 
nomials in the state vector coefficients that are invariant under 
this action unless m/n = (p + l)/(p + 2 ). 

For the sufficiency of of the relation m/n = (p-bl)/(p+2) 
we make an explicit construction of maximally entangled 
states for arbitrary n, m,p satisfying the relation. For a given 
p, each particle has p -b 1 internal degrees of freedom. Con¬ 
sider the sequence 0 , 1 , 2 ,... ,p — l,p,p -b 1 , where 0 rep¬ 
resents the absence of a particle and 1 ,... ,p -b 1 represents 
the internal degrees of freedom. Let cr be the cyclic per¬ 
mutation defined by cr( 0 , 1 , 2 ,... ,p — l,p,p + 1 ) = p + 
1,0,1, 2,... ,p — l,p. Furthermore let denote the com¬ 
position of k such cyclic permutations. 

Each sequence corresponds to a Hilbert space vector which 
is a product of local states as given by the sequence. Given 
this we can define a state by 

, P+2 

lvl/P+ 1 ) =^ |aX 0 , 1 , 2 ,... ,p - l,p,p + 1 )), 
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which is a maximally entangled state of p + 1 particles with 
spin I delocalized over p + 2 spatial modes. To verify this is a 
straightforward exercise of calculating the one mode reduced 
density matrices and see that they are all maximally mixed. 

To construct states with r{p+l) particles with spin | delo¬ 
calized over r{p + 2) spatial modes we can compose a se¬ 
quence s{r,p -I- 1) of r copies of 0,1, 2,... ,p — l,p,p + 
1 joined together s(r,p-I- 1) = 0,l,2,...,p—l,p,p-|- 
1, 0,1, 2,... ,p — l,p,p -f 1,0,1, 2 ... and the state 


\^y+^) = ^^J2\a^[s{r,p + l)]) 


In this way we can construct maximally entangled states for 
any n, m,p satisfying m/n = {p + l)/(p + 2). □ 

From Theorem [3 we can conclude that the particle species 
determines the required ratio of particles to the number of spa¬ 
tial modes for the existence of maximal entanglement. 

Just as in the case of two particles delocalized over three 
spatial modes, maximally entangled states and entanglement 
monotones exist only if Bell-nonlocal correlations can be ob¬ 
served. Theorem[T]can be generalized to systems of arbitrary 
numbers of particles. 

Theorem 4. Let lijj) be a state of m delocalized spin-^ parti¬ 
cles in n modes where mjn = (p -b l)/(p -b 2 ). is Bell- 
local over a bipartition of the system into a single mode and 
n—1 modes, there exist no maximally entangled state to which 
\ip) can be converted by SLOCC and no entanglement mono¬ 
tone takes a non-zero value for \tjj). Moreover, local special 
unitary operations can induce an arbitrary global phase shift 
of the state vector \ip). Thus, if an entanglement monotone 
takes a non-zero value the state is Bell-nonlocal over every 
bi-partition of this type. 

Proof For a partitioning into a single mode and n — 1 modes, 
a general state |'0) can be written as 

p+i 

li’) = '^ri\i)\di)-\-ro\ 0 )\(j)), ( 25 ) 

i=l 

where the |i) and | 0 ) is a basis of the local Hilbert space of 
the single mode, the \ 0 i) are states of m — 1 particles in n — 
1 modes and \(j)) is a state of m particles in n — 1 modes. 
Consider the projection of the state onto a subspace where one 
particle is localized in the single-mode part of the partitioning 
and TO — 1 in the remaining n—1 modes. All states in the 
subspace spanned by the \ 9 i) contains the same number of 
particles. Therefore, within this subspace the operations by a 
party with access to the n — 1 partition are not restricted by 
the super-selection rule. 

Therefore nonlocal correlations on this subspace can be ob¬ 
served if and only if the projection of the state to this subspace 
is entangled. Thus the state is Bell-nonlocal if \ 0 i) \9j) for 

some i and j and r^rj f 0 . If the state is Bell-local it thus 
follows that = 0 or \ 9 i) = \ 9 f) for each pair of i,j. 
Such a state is, up to local unitary operations, of the form 


Si 11) Ip) -b S2|0)|())) and is indistinguishable from a separable 
state isi|2|l)(l| (g) jp)(p| -h |s2p|0)(0| O |(/))(()i|. 

Next consider the diagonal (p -b 2 ) x (p -b 2 ) determinant 
one matrix 

0 0 ••• 0 0 \ 

+3)a 0 • • • 0 0 

0 e“ : : 

: ■■■ 0 0 

0 ••• 0 e“ 0 

0 •••0 0 

where a € C. Here the first column corresponds to the action 
on the local state |1) and the last column corresponds to the 
action on |0). 

For a state of the form si|l)|p) -b S2|0)|^) the SLOCC op¬ 
eration g{a) X I ■■■ X I changes the norm of the state vec¬ 
tor by a factor of By making Re{a) sufficiently 

large we can bring the norm arbitrarily close to zero. This im¬ 
plies that the set of states which are inter-convertible with \ijj) 
does not contain any maximally entangled states ll^l^ . The 
form of the state also implies that when Re{a) = 0 the 
SLOCC operation is special unitary and under this operation 
g{ 4 )) xl ■ ■ - xl the state accumulates a phase-factor 
Thus, x I ■ ■ ■ x / is an element of the stabilizer 

group. 

Vice versa, if there exist an entanglement monotone which 
takes a non-zero value for a state, the state cannot have the 
form \ijj) = Si 11) Ip) -b S210) |(^) for any bipartition into a sin¬ 
gle mode and n — 1 modes, since no homogeneous polynomial 
is invariant under g{a) x I ■■■ x I. Thus, the state must be 
Bell-nonlocal over every such bipartition. 

□ 

Theorem| 4 ]shows that just as in the case of two spin-i par¬ 
ticles and three spatial modes the the existence of SLOCC in¬ 
variants and monotones implies that there exist bipartitions for 
which the system is Bell-nonlocal. 

Theorem [3 and Theorem | 4 ] gives some general properties 
of maximal entanglement, SLOCC invariants and monotones, 
and their connection to Bell-nonlocality in systems of delo¬ 
calized particles under the constraint that at most one particle 
can occupy any given spatial mode. Such systems could be 
for example lattice systems described by a Hubbard model 
(Fermi- or Bose-) with a strong repulsive on-site interaction. 
In this context maximally entangled states exist only for the 
particular lattice filling factor given as a function of the parti¬ 
cle species by Theorem [3 Note that for a bosonic system such 
states would exist in the superfluid phase llb^ due to the non¬ 
integer filling factor. Methods to spatially resolve occupation 
numbers in individual sites of optical lattices have been devel¬ 
oped llbll - l^ as well as techniques to spatially resolve ll^ 
and address spin degrees of freedom in individual lattice 
sites. These techniques, if combined, would enable the study 
of spatially resolved entanglement in spin and spatial degrees 
of freedom of the type discussed in this paper. 

The theoretical methods described in Sect. |II]for identify¬ 
ing the group of SLOCC and constructing the invariants of 


5(a) = 


^e-(p+l)a 

0 e( 

0 

0 
0 






11 


its action can be straightforwardly generalized. But the task 
of finding all SLOCC invariants is likely to become more de¬ 
manding for larger numbers of particles. Likewise, construct¬ 
ing a parametrization of the entanglement types similar to that 
of Eq. [TT] or describing the full set of maximally entangled 
states is likely to be more demanding. 


VI. CONCLUSIONS 

We have considered a system of two indistinguishable spin- 
i particles delocalized on three spatial modes where each spa¬ 
tial mode is occupied by at most one particle. We have shown 
that this is the only spatial configuration of two delocalized 
particles where maximally entangled states exist. 

To describe the set of entangled states we identified the 
group of SLOCC and constructed two SLOCC invariants from 
which entanglement measures can be derived. These two in¬ 
variants generate the full algebra of SLOCC invariants for this 
system. We parametrized the set of entangled states and de¬ 
scribed how, for different parameter ranges, different configu¬ 
rations of Bell-local and Bell-nonlocal correlations can be ob¬ 
served for different partitions of the system and between dif¬ 
ferent parties. In particular we showed that all maximally en¬ 
tangled states, and states for which an entanglement measure 
takes a nonzero value, are Bell-nonlocal for all bi-partitions 
of the system, but not necessarily for a tri-partition. Further¬ 
more, the set of states which are Bell-local for a tri-partition of 
the system was described. These states cannot be described as 
a superposition of entangled states of two localized particles. 

We parametrized and described the set of maximally entan¬ 


gled states. In general these states cannot be understood in 
terms of entangled pairs of spin-i particles that have been de¬ 
localized. Two exceptional states with a high degree of sym¬ 
metry were identified. One corresponding to a pair of max¬ 
imally entangled particles that has been delocalized without 
further entangling spin and spatial degrees of freedom, and 
one maximally entangled state being Bell-local for three par¬ 
ties making local measurements. 

In addition to this we described how the delocalization 
gives rise to a non-trivial generic symmetry of the system. 
To this symmetry corresponds a 27 r /3 fractional topological 
phase. 

Finally, a necessary and sufficient condition for the exis¬ 
tence of maximally entangled states in systems of arbitrary 
numbers of delocalized particles with arbitrary spin, where at 
most one particle can occupy each mode, was derived. It was 
also shown in this general case that all states for which an en¬ 
tanglement measure takes a nonzero value, are Bell-nonlocal 
for any bi-partition into a single spatial mode and the remain¬ 
ing modes. 
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APPENDIX 


A. Constructing the SLOCC invariants 

All invariants of the group G123 can be constructed through 
Cayley’s Omega Process. Cayley’s Omega Process is de¬ 
signed to find the invariants of the special linear group and 
since G123 is isomorphic to SL{ 2 )^^ we can use it to find the 
Gi 23 invariants. We describe this process for the case of bilin¬ 
ear forms since this is sufficient for our purposes. For a more 
general description see e.g. m. 

The first step is to represent the state as a bilinear form / 

/= ^ rriijoXiyj A-rriiojXiZj A-moijyiZj, ( 26 ) 

where is the probability amplitude of \ijk). The invari¬ 
ants are obtained recursively from / through iterating a type 
of operation called transvection defined by the following two 
steps. First, apply a partial differential operator Cli, where 
i = x,y, z. For example is defined by 




_ 

dx'^^dx'!^ dx',^dx'^ 


( 27 ) 


on the product of the two forms A(x', y', and 
B[x", y”, z'^). This is followed by the substitution of x for 
x' and x”. If several operators are applied, all of the in¬ 
volved variables are substituted. For example the application 
of flx^z is followed by the substitution x for x' and x” and 2; 
for z' and z". 

If the result of a transvection is a new form, further 
transvections can be performed. In the case of bilinear forms 
the result of a single transvection is either a scalar or an¬ 
other bilinear form. Therefore, if we represent a bilinear 
form A as a set of matrices {Aij, Ajk, Aki} and likewise 
for B, the transvections can then be described by matrix 
operations. A transvection with a single fli results in a 
bilinear form which can be represented in matrix form as 
{Af^ayB.j, AjjayBl^, Ak^ayBij, AkiayBlJ. A transvec¬ 
tion with two operators Cti and flj corresponds to the matrix 
operation Tr[{Afj)ay{Bij)ay]. 

To use this technique for constructing invariants of G123 
we must represent the state of the system in a suitable form. 
The twelve probability amplitudes of the state vector can be 
arranged as three 2x2 matrices Mab, Mac, and Mbc- The 
matrix Mab contains all the amplitudes of the events where 
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C does not find a particle when performing a projective mea- for some n. However, these invariants are decomposable into 
surement. It is given by Iab ^Ibc, Iac , ^2 in a different way. To see this let us denote 


Mab 


/m-f|o \ 

[mi^o miio j 


(28) 


MAB<yyMBC<^yMAC^y = 



(33) 


Under transformations Ra and Rb by A and B respectively 
Mab transforms as Mab —>■ RaMabI^b- matrices 
Mbc Mac are defined analogously. 

With this representation we can construct the four invariants 


Iab =Tr[MABcryMAB<^y) = TO|i-o™uo “ 

Ibc =Tr{MBC(yyMgcay) = mottwou - mot4,mo4,t, 
Iac =Tr{MAccryMcA(^v) = rufotmioi - 

(29) 


Then I 2 = i{Fi + Li). Furthermore, we note that GiKi = 
IabIbcIac + FiLi = IabIbcIac — Fi{Fi + i/ 2 ). Using 
these relations it can be shown by induction that for any n the 
invariant Tr[{MAB<^yMBC’^yFl'AC^v)'^^ ^ polynomial in 
Iab, Ibc^ Iac and I 2 ■ 

As the first step consider 


[F^ G„\ GA 

\K^ L^J - Li J 


(34) 


Assume that Fn and L„, as well as G„//i and //„Gi are poly¬ 
nomials in Iab, Ibc, Iac, I2 and Fi. Then for 


and 


I 2 =iTr{MABO-yMBC(^yMAc(^y) 
=™tto(™f 01^04,4. — moii^mioi) 
+™tio(wott’^4.04. — ™4.ot™ot4.) 
+TO4.to(™oit"^t04. ~ 


f F(^n+l) G(n-l-l) ^ FnFi + G„iTi F^Gi + GnLi \ 

y-^(n-t-l) -^(n-t-1) J \yRnFl T LjiK\ KjiG\ LjiL\ j 

_ (FnFi + GnKi FnGi — Gn{Fi + i/ 2 ) \ 

- \KnFi + L„//i //„Gi - L„(Fi + 1I2) j ’ 

it is clear that the diagonal elements /"(n+i) = FnFi + G„//i 
and T(„+i) = KnGi — T„(F’i + i/ 2 ) are polynomials in 
(30) Iab, Ibc, Iac, h and Fi . Furthermore, 


The polynomial Iab describe the bipartite entanglement 
between A and B when the two particles are localized with A 
and B respectively, and is the well known concurrence poly¬ 
nomial iflCT . Note that Tr^MAB'^yM'^^ay) = 2det{MAB)- 
The polynomials Ibc and Iac are the defined in the same 
way but for B and C, and A and C respectively. 

These four invariants can be used to construct all other 
invariants of G123. To see this we make the following 
observations. First, note that in any result of a transvec- 
tion Mab must be multiplied by either by (^yM'^g or 
ayMBC- No other possibilities exist. The same applies 
to Mbc and Mac- This means that for any invariant 
Tr[X], the matrix X can be decomposed into products 
of MABCTyM’^gay, MBCCTyM’^f.ay, MAc<^yM^^ay, and 

MABCTyMBCCTyM'^Qay. 

Next, note that XlABO’yM^^ay = det{MAB)I, i-e., it is 
proportional to the identity matrix. Therefore, a trace of a 
product of this matrix with another matrix X can be factored 
as 

Tr{MABO-yM'^gayX) = Tr{MABcryXl'^^ay)Tr{X). 

(31) 

The same applies to MBCO'yMgQay and MAco'yIM^c<Jy 
The only invariants which cannot be algebraically decom¬ 
posed into Iab, Ibc, Iac, I2 in this way are of the form 

Tr[{MABayMBC<yyMlc<yyT], (32) 


G^n+l)Kl = [FnGi - Gn{Fi + th^i = 

= Fn[lABlBclAC - A (A + iR)] - G„//i(Fi + xh), 

(36) 

as well as 

A-+i)Gi = {KnFi + LnKi)Gi = 

= KnGiFi + Ln[lABlBclAC - A (A + A)], (37) 

are then also polynomials in Iab, Ibc, Iac, h and Fi. 

Thus, if Fn and Ln, as well as GnKi and /T„Gi are 
a polynomials in Iab, Ibc, Iac, I 2 and Fi for some n it 
is true for n -I- 1. Next note that it holds true for n = 
1. By induction it therefore holds for any n. It fol¬ 
lows that Tr[{MAB<yyMBCC^yM'^Qay)'^] is a polynomial in 
Iab, Ibc, Iac, I 2 and Fi for any n. However, since this 
trace is a G 123 invariant by definition and Fi is not an in¬ 
variant, Fi cannot be a factor of any term in such a polyno¬ 
mial. Thus, Tr[{MABO'yMBC<^yM'^Qay)'^] is a polynomial 
in Iab, Ibc, Iac, and I 2 for any n. 

We can conclude that Iab, Ibc, Iac, and I2 generate all 
the G 123 invariants. The invariant I2 is invariant also under Gg 
but Iab, Ibc, Iac are not. The product h = IabIbcIac is 
the simplest product of these three polynomials that is invari¬ 
ant under Gg. Together Ii and I2 generate all the Gg invari¬ 
ants contained in the algebra of G 123 invariants. These G 123 
invariants which are also invariant under Gg constitute the full 
set of Gswcc invariants since G 123 and Gg commute. Thus we 
can conclude that the invariants of Gswcc are R and R- 
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7 . Constructing unitary invariants 


Using similar methods one can construct unitary invariants 
by substituting some of the transvections, represented by the 
matrix operation A^jayB^j, by This works since 

unitary matrices satisfy UU^ = 1 and thus AijUU^ b\- = 

AijBlj. The invariants under he action of the unitary sub¬ 
group of Gi 23 can therefore be found this way. The three 
invariants used in Section lTlI Al are constructed as 


h = Tr[{M'XBCtyMAc)iM’^B^yMAcy] 

+ \miiQmfot - mt4.o«^4.otP + Imuo^W “ TOtiom4,o4,p, 

h = Tr[{MBC'^yMAc){MBC<^yMAc)^] 

= |mot4,mtot — wo-t-fm-|-o4,P + Iwotf^fot ~ ™0tT™f04,rj 
+ |wo4,4.mi-ot - rnoi-fin-foif + \moumiot - 
h = Tr[{MABCtyMBc)iMABCtyMBc)^] 

= |mt4.oTOof-|- — m-|-|-oWo4.f + Imfio^ott. — ™tto™oul^ 

+ \miiQmo-f^ - m4,|o?T^o4,tP + l"tuo"^ot4. - ™;to™ouP- 

(38) 

It can easily be verified that these are also invariants of the 
unitary subgroup of Gg. 

B. SLOCC invariants when one of the particles is localized 

If one particle has a well defined position, i.e., is localized 
with a given party the group of local unitary operations and 
SLOCC operations is different and this has implications for 
the construction of SLOCC invariants. For example, let a par¬ 
ticle be localized with party A. Then Ag is not a generator of 
the local action of the unitary operations or SLOCC on the 
mode of party A. 

In this scenario we can construct the G123 invariants as be¬ 
fore, since this subgroup is still part of the SLOCC operations. 
However, since one particle is always with A the invariants I2 
and Ibc trivially zero. The G123 invariants are thus gen¬ 
erated by Iab and Ibc alone. The next step is to construct 
polynomials that are invariant under the action generated by 
Ag on the modes of party B and G from Iab and Ibc- This 
is not possible since these two polynomials are not invariant 
under the operation / x x and neither is any prod¬ 
uct of them. Thus, no SLOCC invariants exist in this scenario, 
and therefore no entai^lement monotones or maximally 
entangled states ISOT . 




